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$QDO\VLV�RI�D�
6WDWLVWLFV�&RXQWHU�

$UFKLWHFWXUH

'HYDYUDW 6KDK��6XQGDU�,\HU��
%DODML�3UDEKDNDU 	�1LFN�0F.HRZQ
�GHYDYUDW��VXQGDHV� EDODML� QLFNP�#VWDQIRUG�HGX
'HSDUWPHQWV�RI�(OHFWULFDO�(QJLQHHULQJ�	�
&RPSXWHU�6FLHQFH��6WDQIRUG�8QLYHUVLW\
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:KDW�LV�D�6WDWLVWLFV�&RXQWHU"

� :KHQ�D�SDFNHW�DUULYHV��LW�LV�ILUVW�
FODVVLILHG�WR�GHWHUPLQH�WKH�W\SH�RI�WKH�
SDFNHW��

� 'HSHQGLQJ�RQ�WKH�W\SH�V���RQH�RU�PRUH��
FRXQWHUV�FRUUHVSRQGLQJ�WR�WKH�FULWHULD�
DUH�XSGDWHG�LQFUHPHQWHG
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([DPSOHV�RI�6WDWLVWLFV�&RXQWHUV

� 3DFNHW�VZLWFKHV�PDLQWDLQ�FRXQWHUV�IRU
² 5RXWH�SUHIL[HV� $&/V��7&3�FRQQHFWLRQV
² 6103�0,%V

� &RXQWHUV�DUH�UHTXLUHG�IRU�
² 7UDIILF�(QJLQHHULQJ

� 3ROLFLQJ�	�6KDSLQJ
² ,QWUXVLRQ�GHWHFWLRQ
² 3HUIRUPDQFH�0RQLWRULQJ��5021�
² 1HWZRUN�7UDFLQJ
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&RXQWHU�5HTXLUHPHQWV��$�VWDQGDUG�,3�5RXWHU

� 1XPEHU�RI�&RXQWHUV�
² ��0LOOLRQ ��SHU�SUHIL[�FRXQWHUV
² ���.� ��SROLFLQJ�FRXQWHUV

� 6L]H�RI�&RXQWHUV
² ������ELW�FRXQWHUV
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'HWHUPLQH�DQG�DQDO\]H�WHFKQLTXHV�IRU�
EXLOGLQJ�YHU\�KLJK�VSHHG��!���*E�V��
VWDWLVWLFV�FRXQWHUV�DQG��VXSSRUW�DQ�
H[WUHPHO\�ODUJH�QXPEHU�RI�FRXQWHUV��

0RWLYDWLRQ��+RZ�QRW WR�FRPSURPLVH
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:K\�LV�,PSOHPHQWLQJ�WKLV�
D�+DUG�3UREOHP"

2&���F� ���*E�V��&RXQWHUV�SNW �&�� �����5HII  ����*E�V�
7RWDO�&RXQWHUV��1�� ���PLOOLRQ��&RXQWHU�6L]H��0�� ����ELWV��

&RXQWHU�0HPRU\� �10� ���0E�����E\WH�SDFNHWV

5HDG��;��
DW�5DWH��5HII

��SDFNHW
HYHU\������QV

��SDFNHW�
HYHU\������QV

(IIHFWLYH�$UULYDO�
5DWH��5HII :ULWH��;����DW�

5DWH��5HII

��SDFNHW
HYHU\������QV

Modify: X=X+1

&RXQWHU�0HPRU\����0E� 1 million

64 bits

Modify: X=X+1Modify: X=X+1
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:K\�LV�([LVWLQJ�0HPRU\�7HFKQRORJ\�
QRW�,GHDO"

8VH�65$0"
� IDVW�HQRXJK�UDQGRP�DFFHVV�WLPH��EXW
� WRR�H[SHQVLYH��DQG
� WRR�ORZ�GHQVLW\�WR�VWRUH���0E�RI�GDWD��

8VH�'5$0"�
� KLJK�GHQVLW\�PHDQV�ZH�FDQ�VWRUH�GDWD��EXW
� WRR�VORZ��W\SLFDOO\���QV�UDQGRP�DFFHVV�WLPH�
� 5HDG�PRGLI\�ZULWH�SHQDOW\
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1

1

1

1

1

64

64

64

64

64

/DUJH�6ORZ�6SHHG '5$0�0HPRU\�ZLWK��1� ��FRXQWHUV�RI�VL]H�0 ���ELWV

1� ��

6L]H�0

0HPRU\�+LHUDUFK\

(IIHFWLYH
$UULYLQJ

5DWH

5HII

6PDOO�+LJK�6SHHG 65$0�0HPRU\�ZLWK�1� ��FRXQWHUV�RI�VL]H�P� ����0�ELWV

VL]H�P

8 1

8 1

8 1

8 1

8 1

6L]H�P

&RXQWHU�0DQDJHPHQW�$OJRULWKP��&0$�

5HDG�0�ELWV :ULWH�0�ELWV6SHHG�GRZQ�
E

'5$0�%DQGZLGWK� �
�5HII�E

/DUJH�&RXQWHU
	

&RUUHVSRQGLQJ�
6PDOO�&RXQWHU
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4XHVWLRQV

+RZ�ODUJH�GRHV�WKH�65$0�QHHG�WR�EH�

² 7R�GHWHUPLQLVWLFDOO\�JXDUDQWHH�WKDW�QRQH�RI�WKH�
FRXQWHUV�LQ�WKH�65$0�RYHUIORZ��LUUHVSHFWLYH�RI�
WKH�DUULYLQJ�WUDIILF�SDWWHUQ��

:KDW�&RXQWHU�0DQDJHPHQW�$OJRULWKP��&0$��
VKRXOG�ZH�XVH"�
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W� ��

&RXQWHUV

0 0 1

0 0 0

0 0 0

0 0 0

0 0 0

$�%DG�&DVH�IRU�WKH�&RXQWHUV�«��1 ���P ���E �

W� ��

&RXQWHUV

0 0 1

0 0 1

0 0 1

0 0 0

0 0 0

0 0 1

0 0 1

0 0 1

0 0 1

0 0 0

W� ��

&RXQWHUV

W� ��

&RXQWHUV

0 0 1

0 0 1

0 0 0

0 0 0

0 0 0

W� ��

&RXQWHUV

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

N =5

m=3 

0 0 0

0 1 0

0 0 1

0 0 1

0 0 1

W� ��

&RXQWHUV

0 0 0

0 1 0

0 1 0

0 0 1

0 0 1

W� ��

&RXQWHUV

0 0 0

0 0 1

0 0 1

0 0 1

0 0 1

W� ��

&RXQWHUV

&KRRVH

&KRRVH
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$�%DG�&DVH�IRU�WKH�&RXQWHUV�«��1 ���P ���E �

W� ��

&RXQWHUV

0 0 0

0 1 0

0 1 0

0 1 0

0 1 0

W� ���

&RXQWHUV

0 0 0

0 0 0

0 1 1

0 1 1

0 1 0

W� ���

&RXQWHUV

0 0 0

0 0 0

0 1 1

1 0 0

0 1 0

W� ���

&RXQWHUV

0 0 0

0 0 0

0 1 1

1 0 1

0 1 0

W� ��

&RXQWHUV

0 0 0

0 1 0

0 1 0

0 1 0

0 0 1

W� ���

&RXQWHUV

0 0 0

0 0 0

0 1 1

1 1 0

0 1 0

W� ���

&RXQWHUV

0 0 0

0 0 0

0 1 1

0 1 0

0 1 0

W� ���

&RXQWHUV

0 0 0

0 0 0

0 0 0

1 1 1

0 1 0

2YHUIORZ�DW�W� ���

&KRRVH
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/DUJHVW�&RXQWHU�)LUVW��/&)�&0$�

�� &RPSXWH� )LQG�RXW�WKH�FRXQWHU�ZLWK�
WKH�ODUJHVW�FRXQW�HYHU\�E�WLPHVORWV��

JUHHQ�

�� 8SGDWH� 6FKHGXOH�XSGDWH�WR�
FRXQWHU�LQ�'5$0

0 1 0

0 0 0

0 1 0

1 1 0

0 0 1

�� &OHDU� 6HW�YDOXH�RI�WKH�
FRXQWHU�LQ�65$0�WR�]HUR

0 1 0

0 0 0

0 1 0

0 0 0

0 0 1

�� ,Q�65$0��1�&RXQWHUV�RI�VL]H�P

&RXQWHUV

0 1 0

0 0 0

0 1 0

1 1 0

0 0 1

N

m
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2SWLPDOLW\�RI�/&)�&0$

7KHRUHP�

/&)�&0$��LV�RSWLPDO�LQ�WKH�VHQVH�WKDW�
LW�PLQLPL]HV�WKH�VL]H�RI�WKH�FRXQWHU�
PDLQWDLQHG�LQ�65$0
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0LQLPXP�6L]H�RI�WKH�65$0�&RXQWHU

7KHRUHP� �VSHHG�GRZQ�IDFWRU�E!��

/&)�&0$��PLQLPL]HV�WKH�VL]H�RI�
FRXQWHU��LQ�ELWV��LQ�WKH�65$0�WR��

I�E��1�� �ORJ��
OQ >E��E���@

OQ�E1BBBBBBBB� �
Θ �ORJ�ORJ�1� 
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,PSOHPHQWDWLRQ�1XPEHUV�

([DPSOH�

� 2&����/LQH�&DUG �5� ���*E�VHF�
� 1R��RI�FRXQWHUV�SHU�SDFNHW �&� ���
� 5HII �5& ����*E�V
� &HOO�6L]H� ���E\WHV
� 7HII  �������� �����QV
� '5$0�5DQGRP�$FFHVV�7LPH� �����QV
� 6SHHG�GRZQ�)DFWRU��E��! �7�7HII� ����
� 7RWDO�1XPEHU�RI�&RXQWHUV ���������PLOOLRQ
� 6L]H�RI�&RXQWHUV ����ELWV����ELWV
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,PSOHPHQWDWLRQ�([DPSOHV�
2&����/LQH�&DUG

�

I�E�1�

65$0 �.E�
'5$0 �.E�

65$0 �.E
'5$0 �

1 ����
0 �

/&)�&0$%UXWH�)RUFH9DOXHV

65$0 �.E
'5$0 ��.E

65$0 ��.E
'5$0 �

�1 ����
0 ��

65$0 �0E
'5$0 ��0E

65$0 ��0E
'5$0 �

�1 �������
0 ��
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&RQFOXVLRQ

� 7KH�65$0�VL]H�UHTXLUHG�E\�/&)�&0$�LV�D�
YHU\�VORZ�JURZLQJ�IXQFWLRQ�RI�1

� 7KHUH�LV�D�PLQLPDO�WUDGHRII�LQ�65$0�PHPRU\�
VL]H

� 7KH�/&)�&0$�WHFKQLTXH�DOORZV�D�GHVLJQHU�WR�
DUELWUDULO\�VFDOH�WKH�VSHHG�RI�D�VWDWLVWLFV�
FRXQWHU�DUFKLWHFWXUH�XVLQJ�H[LVWLQJ�PHPRU\�
WHFKQRORJ\


