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ABSTRACT

We study packet routing problems, in which we route a set of
N packets on preselected paths with congestion C' and dila-
tion D. For store-and-forward routing, in which nodes have
buffers for packets in transit, there are routing algorithms
with performance that matches the lower bound Q(C + D).
Motivated from optical networks, we study the extreme case
of hot-potato routing in which the nodes are bufferless. In
hot-potato routing, packets may be unable to follow the pre-
selected paths towards the destination nodes; thus it may
take more time for packets to be routed. An interesting
question is how much is the performance of routing algo-
rithms affected from the absence of buffers.

Here, we answer this question for the general class of lev-
eled networks, in which the nodes are partitioned into L + 1
distinct levels. We present a randomized hot-potato rout-
ing algorithm for leveled networks, which routes the packets
in O(C + L) time with high probability. For routing prob-
lems with dilation O(L), this bound is within polylogarith-
mic factors from the lower bound Q(C + L). Our algorithm
demonstrates that the benefit from using buffers is no more
than polylogarithmic; thus, hot-potato routing is an efficient
way to route packets in leveled networks.

Our algorithm is online, that is, routing decisions are
taken at real time at each node, while packets are routed
in the network. A novel characteristic of our algorithm
is that during the course of routing, packets may deviate
from their preselected paths. To our knowledge, this is the
first hot-potato algorithm designed and analyzed, in terms
of congestion and dilation, for arbitrary leveled networks.

Categories and Subject Descriptors

F.2.m [Analysis of Algorithms and Problem Com-
plexity]: Miscellaneous
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1. INTRODUCTION
1.1 Background

In a network, nodes communicate by sending packets
through the nodes and the links (edges) of the network. In a
packet routing problem, we are given a set of packets, where
each packet has a source node and a destination node, and
we route these packets to their destination nodes. A routing
algorithm (routing protocol) specifies the decisions that the
nodes take while they route the packets. The goal of a rout-
ing algorithm is to deliver the packets to their destinations
as fast as possible.

We consider hot-potato (or deflection) routing algorithms,
which were introduced by Baran [3]. In hot-potato routing,
the nodes in the network have no buffers to store packets
in transit: any packet that arrives at a node, it is immedi-
ately forwarded to another node; in other words, a packet is
treated like a “hot potato”. Hot-potato routing algorithms
have been observed to work well in practice [4], and have
been used in parallel machines such as the HEP multipro-
cessor [25], the Connection machine [13], and the Caltech
Mosaic C [24], as well as in high speed communication net-
works [19]. Hot-potato routing algorithms are well-suited
for optical networks since it is difficult to buffer optical mes-
sages [1, 26].

We study hot-potato routing algorithms for the wide class
of leveled networks. A leveled network with depth L consists
from L 4+ 1 levels of nodes, numbered 0 to L, such that
each node belongs to exactly one level, and edges connect
nodes that belong to consecutive levels, as shown in Fig-
ure 1. Many multiprocessor network architectures can be
represented as leveled networks. Typical examples are the
butterfly network and the mesh network, for which specific
cases are shown in Figure 1. In particular, the mesh net-
work can be viewed in four different ways as a leveled net-
work, according to which corner node is level 0. Other ex-
amples of networks that can be treated as leveled networks
are the shuffle-exchange network, multidimensional array,
hypercube, and fat-tree [16].

We consider leveled networks in which the nodes are syn-
chronous; namely, time is discrete, and at each time step,
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Figure 1: Leveled networks

a node receives packets, makes a routing decision, and then
forwards the packets to the adjacent nodes. At each time
step, a node is allowed to send at most one packet per link.”
We study a special case of many-to-one packet routing prob-
lems, in which each node is the source of at most one packet,
and each node is the destination of an arbitrary number of
packets. Each packet has a preselected path, from the source
node to the destination node, which the packet follows dur-
ing routing.” In leveled networks, the paths are oriented
from lower levels to higher levels; that is, from left to right
on the network on the top of Figure 1.

There are two parameters associated with the preselected
paths that influence the performance of any routing algo-
rithm: the congestion C, the maximum number of packets
that traverse any edge in the network, and the dilation D,
the maximum length of any path. Since at most one packet
can traverse any edge at a time step, there is a trivial lower
bound for any routing problem: Q(C' + D). In leveled net-
works the path length does not exceed L, and there are
routing problems for which D = O(L) for which the lower
bound is Q(C + L). Tt is desirable to design routing algo-
rithms with routing time that matches this lower bound.

In hot-potato routing, an interesting situation occurs
when two or more packets appear in the same node at the
same time and all of them wish to follow the same link; note
that there could be up to C such packets. This situation rep-
resents a conflict among the packets, since only one of them
can follow the link. One of these packets will successfully
follow the link, while the rest packets are sent to alternative
links, since there is no buffer to store these packets in the
current node; we say that such packets are deflected. Due
to deflections, a packet may not be able to follow the links

“Note that at any time step at most two packets can traverse
a link, one packet at each direction of the link.

fThe packet paths are selected before the routing begins. In
this work we do not consider how these paths are selected,
but how to design fast routing algorithms given the paths.
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of its preselected path towards the destination node. This
makes the analysis of hot-potato algorithms challenging.

1.2 Contribution

We present a new hot-potato routing algorithm for lev-
eled networks. Our algorithm is randomized and routes N
packets in O((C + L)In?(LN)) time steps with probability
at least 1 — 1/LN. Note that this time is optimal within
polylogarithmic factors. Our algorithm enjoys the following
attributes:

e It is an online algorithm: all routing decisions are
made in the nodes during the course of routing.

e It is a local (distributed) algorithm: the routing deci-
sions of the nodes depend only on their local states,
and the packets they receive.

e The algorithm works for any leveled network, and its
performance doesn’t depend on the edge degrees of the
nodes.

A high level description of our algorithm is as follows.
We separate the packets randomly and uniformly in O(C)
disjoint sets, which we call frontier-sets, such that the con-
gestion among packets of the same frontier-set is at most
In(LN). We route the packets of each frontier-set separately
inside areas of the network that we call frontier-frames (see
figure 2); there is a frontier-frame for each frontier-set. A
frontier-frame contains a polylogarithmic number, in terms
of L and N, of consecutive levels. The algorithm consists
of a sequence of phases, the duration of each phase is also
polylogarithmic. The position of a frontier-frame changes at
each phase. Initially, a frontier-frame appears at the lowest
level of the network, and then, at each subsequent phase, the
frontier-frame shifts to one level higher. Different frontier-
frames are “pipelined” one after the other, without overlap-
ping, and all frontier-frames shift simultaneously.

A packet of a frontier-set is injected into the network at
the right moment, when the respective frontier-frame passes
through the source node. While the packet is routed to
its destination node, the packet remains inside the frontier-
frame; that is, while the frontier-frame shifts to higher levels,
the packet shifts together with it. The packet reaches its des-
tination node, when its frontier-frame passes through that
node. Thus, by the time when the frontier-frame reaches
the highest-level in the network, all the packets of the re-
spective frontier-set must have been delivered to their des-
tinations. The algorithm terminates when the last frontier-
frame reaches the highest level in the network, at which
point all the packets in the network have been delivered to
their destinations. We show that this event occurs no later
than time O(C' + L) multiplied by polylogarithmic factors.

In the analysis, we establish that due to the logarithmic
congestion between packets of the same frontier-set, these
packets will remain within a polylogarithmic number of lev-
els away from each other. This property enables the packets
to remain inside the frontier-frame during the course of rout-
ing. An interesting characteristic of our algorithm is that
due to deflections, packets may deviate from their prese-
lected paths. We show in the analysis of our algorithm that
this doesn’t affect significantly the performance of the algo-
rithm, since when packets are inside their frontier-frames,
they stay very close to their preselected paths (within poly-
logarithmic distance).



We would like to note that due to the big polylogarith-
mic factor in the time expression, our algorithm is not really
practical, in the sense of direct applicability. Nevertheless,
the analysis shows that it is at least possible to come close to
the optimal O(C + L) bound, which might motivate search-
ing for more practical algorithms that come to the same or
even better performance guarantee.

1.3 Reated Work

Hot-potato routing algorithms have been studied for spe-
cific network multiprocessor architectures such as the 2-
dimensional mesh and torus [5, 9, 10, 12, 14], the d-
dimensional mesh [5, 7], the hypercube [8, 12], and trees
[2]. Meyer auf der Heide and Scheideler [20] study the more
general class of vertex symmetric networks. For more about
multiprocessor architectures you can look at [15]. Bhatt et
al. [6] study hot-potato routing on leveled networks, but for
different routing problems than the ones we consider here.

Leveled networks have been studied in the context of
store-and-forward routing, by Leighton et al. [16], where
they present an O(C'+ L+log N) randomized algorithm with
constant size buffers. For store-and-forward routing, there
has been a lot of research for obtaining optimal O(C + D)
algorithms for arbitrary networks [17, 18, 21, 22, 23].

The technique of decreasing congestion, by assigning pack-
ets to different sets, was first used in [17]. In our algorithm
(Section 3) packets have states with different priorities; this
particular technique was introduced in [11]. To our knowl-
edge, there is no previous work on hot-potato routing on
arbitrary networks, not even on leveled networks, for the
packet routing problems we consider here (routing problems
analyzed in terms of congestion and dilation).

Paper Outline

We proceed in our paper as follows. In Section 2, we give
some necessary preliminaries. In Section 3, we present our
algorithm; the time analysis of our algorithm appears in
Section 4. In section 5, we conclude with a discussion.

2. PRELIMINARIES
2.1 Basic Formulasand Defnitions

We use the following parameters.
2¢®
In(LN)

1

‘= m2 In(LN)

m=Im*(LN)+5 q¢=

w = 4em® In(LN)In(p; ") + 3m + 1

1 1
92LN  P'7 (amC + L)2amCLN>

po=1-—

We define the function p(k) for any k > 0, as follows.

B (k=0)
p(k) = { ﬁ?k —1)(1 —amCNp1) (k> 0)

We use the following inequalities. For all real numbers n
and k, such that n > 1 and |k| < n,

e* (u%)g(ug)ngek. (1)

fSome of the parameters should be integers, but we don’t
use the ceiling operation on them to avoid notational clutter;
this doesn’t affect our results significantly.

For all real numbers n and k, such that 0 <n < 1 and k > 1,
1—kn<(1-n)k (2)
Denote by Pr(X) the probability that event X is true.

2.2 Paths

In a leveled network with depth L, we denote an edge as
e = (v1, v2) such that nodes v1 and v2 are in respective levels
¢ and ¢+1, where 0 < ¢ < L; that is, edges are oriented from
lower levels to higher levels.® A path is a sequence of nodes

connected by edges e1,es,...,e, (we denote a path with
the edge sequence). A walid path is any path e1,es,..., e,
in which for any two consecutive edges e; = (vi,v;) and

ei+1 = (vk,v1), it holds v; = wvi; that is, the nodes in a valid
path are in consecutive levels of the network starting from a
lower level and ending at a higher level. A subpath of a path
is any subsequence of consecutive edges of the path. Note
that any subpath of a valid path is also a valid path. The
length of a path is the number of its edges.

For any packet 7, the preselected path of the packet is a
valid path (vi,v2), (v2,v3),...,(Un—1,vn), where v; is the
source node of w and v,, is its destination node. For conve-
nience, we assume that the path of a packet is stored in the
header of a packet in the form of a list of edges which we
refer to as the path list.

2.3 Routing

Initially, a packet waits in the source node until it is in-
jected into the network. After the packet is injected we say
that the packet is active. An active packet follows the links
of its preselected path until the packet reaches its destina-
tion node (where the packet is absorbed). When a packet
follows a link then we remove that link from the packet’s
path list. Thus, at any time step, the path list of a packet
consists from the subpath (of its preselected path), starting
from the current node, at which the packet resides, and end-
ing at the destination node. We will refer to this subpath as
the current path of the packet. Clearly, at time 0 the current
path of a packet is its preselected path.

If a packet m moves from a lower level to a higher level
then we say that the packet moves forward, otherwise that
the packet moves backward. We say that two or more packets
meet if they appear in the same node at the same time step.
We say that a packet is injected in isolation if at the time
step it is injected into the network it doesn’t meet with other
packets at the source node. A packet injected in isolation
is guaranteed to follow the first link of its preselected path.
As we will prove in Section 4, in our algorithm packets are
always injected in isolation.

Let’s assume that at time ¢t packet 7 is in node v at level
¢ > 0 and 7 wishes to follow link e towards level £ 4+ 1. A
conflict occurs when other packets appear at node v and
time t that wish to follow link e. Only one of these packets
will follow link e. If packet 7 loses in the conflict then it
is sent to an alternative link ¢’ # e connected to v, and we
say that packet 7 is deflected. If link €’ connects node v to
level £—1 (£+1) then we say that the deflection is backward
(deflection is forward), and at time ¢+ 1 packet m appears in
level £ —1 (€+1). Note that when 7 is deflected it may not
be directed on the link it followed the previous time step.

§We avoid to use the term directed edge, since during rout-
ing, the edges are used in both directions.



Thus, packet m may not be able to stay on its preselected
path during the course of routing.

On a deflection, we update the current path of a packet as
follows. Let g denote the current path of packet 7w at time
t. When packet 7 is deflected at time ¢ and sent on edge ¢’,
we update the current path of packet 7 so that at time ¢t + 1
the first link is ¢’ and the rest is g. In the case where edge
¢’ was traversed in the opposite direction by another packet
o at the previous time step t — 1, and o didn’t follow edge
e’ due to a deflection, then we call the deflection of packet
7 a safe deflection. Essentially, in a safe deflection the edge
e is transferred from the path list of packet o to the path
list of packet w. In other words, with safe deflections, edges
are “recycled”, that is, transferred from the path list of one
packet to the path list of another packet. This property
is important in our algorithm for preserving the congestion
during routing, as we will show in the analysis.

We show that deflections can always be backwards and
safe; this guarantees that current paths of packets are valid.

LEMMA 2.1. If packets are injected in isolation, then
packets are deflected backwards, deflections are safe, and the
current paths of packets are valid.

Proor. We prove the claim by induction on time ¢t. For
the basis case, we consider time step 0. All the packets that
appear in the network at time step 0 must have just been
injected in isolation; thus, there are no deflections and the
current paths of packets are trivially valid. Let’s assume now
that the claim holds for any time step ¢, where 0 < ' < t.
We will prove that the claim holds for time step .

First, we show that the current paths of packets at time
step ¢t are valid. Consider a packet 7 which is in node v
at time step t. Let g denote the current path of 7 at time
step t — 1. From the induction hypothesis, g is valid. Fur-
thermore, there are only three possible ways that 7 arrived
at v: (i) packet 7 is injected at time ¢, and thus its current
path is trivially valid, or (ii) packet m moved forward at time
t — 1 to node v (without being deflected at time ¢ — 1), and
thus the current path of 7 in v is a subpath of g, which is
valid, or (iii) packet m got deflected at time ¢ — 1 and moved
backwards to node v by following some edge e, and thus the
current path of 7 in v is edge e followed by g, which is a
valid path. Therefore, in all cases the current path of 7 is
still valid.

Next, we prove that all deflections at time ¢ are backwards
and safe. Notice that at time t all current paths are valid
and thus packets wish to move forward. Consider a conflict
situation in a node v of level £ and at time ¢, in which x > 1
packets wish to follow the same edge e towards level ¢ + 1.
At time step t—1, it must be that from the x packets at least
x—1 moved forward, without being deflected, from level £/—1
to node v (since current paths are valid); let F denote the
set of edges that these packets followed (clearly, |E| > x—1).
At time step t, exactly one packet moves forward on edge
e. The rest © — 1 packets have to be deflected; they can be
deflected backwards to level £ — 1 by following any of the
edges of set /. Thus, at time ¢t deflections are backwards
and safe. []

2.4 Congestion

For any edge e and any time step ¢, the edge congestion c!
of e is defined as the number of packets that have on their
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current paths the edge e; we take into account active and
non-active packets. The congestion C* at time ¢ is defined
as the maximum c. taken over all the edges e of the net-
work. Denote C' = C°, namely, C' is the congestion of the
preselected paths. At time ¢, the dilation D’ is defined as
the maximum length of any current path. Denote D = D°,
namely, D is the dilation of the preselected paths. From
Lemma 2.1, we know that if packets are injected in isolation
then the current paths of packets are valid. Since the length
of a valid path cannot exceed L, we have for any time step
t>0,D'<L.

The congestion C' determines the maximum number of
packets that could meet at the same node at the same time,
and wish to follow the same edge. To reduce the conges-
tion we separate the packets into aC' sets So, S1,...,Sec—1,
which we call frontier-sets. Each packet belongs to ex-
actly one frontier-set and this set is chosen uniformly and at
random among the aC' frontier-sets, before routing begins.
Clearly, N = ?20071 |Skl.

For any frontier-set S;, edge e, and time ¢, the frontier-set
edge congestion c’é,i is defined as the number of packets of S;
that include e on their current paths; we take into account
active and non-active packets. The frontier-set congestion
C? at time t is defined as the maximum frontier-set edge
congestion cfm, taken over all the edges e of the network. Let
Ceyi = cgyi and C; = C’?, namely, c.; and C; correspond to
the frontier-set congestion of the preselected paths of packets
in S;. Using a Chernoff-type bound, we can show, with high
probability, that the congestion of the preselected paths in
all the frontier-sets is no more than In(LN).

LEMMA 2.2. Foralli, where0 <i < aC—-1, C; <In(LN)
with probability at least po.

2.5 Phases, Frontiers, and Target Nodes

In our algorithm, time is divided into consecutive time
periods called phases (starting from phase 0). Each phase
consists of m consecutive time periods called rounds (start-
ing from round 0). Each round is w time steps long; each
phase is mw time steps long. The beginning (end) of a time
period is its first (last) time step.

A frontier f is a pointer that points to a level £ = f, as
shown in Figure 2. In our algorithm, there are aC' frontiers
fo, f1,--., fac—1, as many as the frontier-sets. At phase
0, fi = —im, for all 0 < i < aC — 1. At the beginning
of each subsequent phase, the frontier f; increases by one
(fi moves forward). Thus, at the beginning of phase im,
frontier f; points to level 0 in the network, and during the
next L phases, the frontier f; points to some subsequent
level in the network. Note that all frontiers move forward
simultaneously, and any frontier f; points to some level in
the network only for L 4+ 1 phases.

The frontier-frame F;, of frontier f;, consists of levels
fi,fi—1,...fi—m+1, for all 0 < i < aC — 1, as shown
in Figure 2. Actually, at any time step, the frontier-frame
consists only of those levels that exist in the network, which
depends on where f; points to; for example, in Figure 2,
the frontier-frames Fjio, and F;_» are not complete. We
call the levels of a frontier-frame F; the inner-levels of Fj,
and we number them from 0 to m — 1; thus, inner-level k
corresponds to level f; — k, for all k, where 0 < kK <m — 1.
A frontier-frame F; shifts forward (one level higher) when-
ever the respective frontier f; moves forward. Note that all



shift direction
B

frontier:  fito fit1 fi fi—1
leve:li0 1|2 3 4|5 6 m 8 9 10 Nl
inner-level: ' 1 0|2 1 o0f2 1 0|2 1 0|2
frontier-frame: Fiio Fit1 F; F;_1 F,,Q

Figure 2: The frontier-frames of a leveled network
with L =11 and m =3

frontier-frames shift forward simultaneously, and that differ-
ent frontier-frames do not overlap.

Each frontier-frame F; has a target level. The target level
changes at each round of phase. At rounds 0 and 1, the
target level of Fj is its inner-level 0. At each subsequent
round j of the current phase, where 2 < j < m—1, the target
level shifts one level backwards, such that it points to inner-
level j — 1 of F;. Note that at each round, the target level
shifts backwards, while at each phase, the frontier-frame
shifts forward. The packets of frontier-set S; are associated
with frontier-frame F;. At any time step, any packet m € S;
has a target node which is defined as follows. Let g denote
the current path of 7. If g is valid and g contains a node v
in the target level of F; (that is, g goes through the target
level) then v is the target node of 7; otherwise, the target
node of 7 is its destination node.

3. THEALGORITHM

We describe the algorithm in terms of the actions of some
arbitrary packet 7 of frontier-set S;, during some particular
phase. The actions of the rest packets of frontier-set S; are
similar to the actions of packet 7. First, we give a high level
description of the algorithm. Let’s assume that packet 7
is in its frontier-frame Fj, in a round j > 0 of the current
phase. Let’s assume that during round j the current path
of 7 is valid and the target node v of 7 is in the target level
of F;. The goal of packet 7 is to reach the target node v by
following the current path towards v.

When packet 7 reaches the target node v, then packet
7 enters a wait state. In the wait state, packet m waits
at the target node by oscillating (moving back and forth)
between the target node and an adjacent node in the imme-
diate higher inner-level. If packet 7 enters the wait state on
target node v, and remains in the wait state, uninterrupted
from other packets, until the end of the current round 7, then
packet 7 will wait on node v for every subsequent round until
the end of the current phase.

Since we consider hot-potato routing, there is a possibility
that during round j packet m may fail to reach target node
v, or packet 7 nay fail to remain in the wait state on node
v, due to conflicts with other packets. In this case, packet
7 attempts again in the next round j + 1 to reach the new
target node and enter the wait state on that node; note that
in round j + 1, the target node appears in one inner-level
higher, since the target level of F; moves backwards one
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level. This procedure is repeated in the subsequent rounds.
In the analysis we show that at some round of the current
phase, packet 7 will eventually successfully reach some tar-
get node in F; and remain in the wait state on that node.

The effect of the algorithm is that the packets of frontier-
set S; first attempt to wait at the lower inner-levels of
frontier-frame F;, and if they fail then they attempt to wait
at higher inner-levels. Since the target level moves back-
wards, packets that already wait at lower inner-levels will
not be affected by packets that attempt to enter the wait
state at higher inner-levels at subsequent rounds. Conse-
quently, at the end of the phase, packets accumulate at
the lower inner-levels of F; (near frontier f;), where they
wait on their target nodes, and the higher (at least the last
three) inner-levels of F; are free from packets. Thus, when
at the next phase frontier-frame F; shifts one level forward,
all the packets of S; appear inside the new position of Fj;
essentially, the packets of set S; have shifted with F; (even
though the packets haven’t really moved). Every time that
frontier-frame F; shifts, the packets of frontier-set S; shift
together with F;, and the packets are getting closer to their
destinations.

In our algorithm, in order to guarantee that packet =
reaches its target level, there are two more packet states:
normal and excited. Originally, packet 7 is in the normal
state and follows its current path to the target node. Fre-
quently though, packet 7 changes its state and becomes an
excited packet, which has the highest priority. The excited
packet 7 has very good chances to reach its target node, un-
interrupted from other packets. We now give the detailed
description of the algorithm for packet 7.

Packet Injection. Packet 7 is injected into the network
at the beginning of the phase in which its source node is in
inner-level m—1 of frontier-frame Fj; that is, 7 is injected at
the last inner-level of F;. In the extreme case, where packet
7 is unable to be injected at that particular time, because
all links connected to the source node are occupied by other
packets, then packet m will be injected at any subsequent
time step in which there is an available link from the source
node. ¥

Packet State. The active packet 7 has a state which is
one of the following: normal, excited, wait. States have
priorities and the order of priorities from higher to lower is:
excited, normal, wait. In conflicts, packets with higher pri-
ority win over packets with lower priority. Conflicts among
packets of the same priority are resolved arbitrarily. If at
any time step a packet reaches its destination node then the
packet is absorbed. The state of packet 7w changes as follows.

e Normal state. When packet 7 is injected into the net-
work, its priority is set to normal. In the normal state,
packet 7 follows the current path towards its target
node.

e Excited state. At any time step ¢, the normal packet
7w attempts to change its priority, and becomes an
excited packet with probability ¢. In the excited
state, packet 7 follows the current path towards its
target node. If at any time step, the excited packet
is deflected, then it becomes a normal packet. At the
end of each round, the excited packet m becomes a
normal packet.

9In the analysis we show that this extreme case doesn’t oc-
cur (with high probability).



e Wait state. At any time step ¢ that the excited or
normal packet 7w reaches its target node v, packet
enters the wait state. Let e = (v’,v) be the last link
that w traversed when it reached the target node v.
In the subsequent time steps, packet 7w remains in the
wait state by oscillating on edge e, that is, packet 7
moves back and forth between nodes v and o', I If
packet 7 is not deflected until the end of the current
round, while it is in the wait state on node v, then 7
remains in the wait state on node v for all subsequent
rounds, until the end of the current phase. If however,
at any time step the wait packet 7 is deflected from
other packets, then it becomes normal. At the end
of each phase, the wait packet m becomes a normal
packet.

4. ANALYSISOF THE ALGORITHM

In the analysis of our algorithm, we determine how much
time it is needed until all packets are absorbed. Since our
algorithm works in phases, we will prove that during each
phase our algorithm satisfies some specific correctness con-
ditions which guarantee the fast delivery of the packets to
their destinations. These correctness conditions are stated
in the form of invariants which are preserved from one phase
to the next, with high probability. In particular, given N
packets, we will prove that the following invariants hold at
the end of each phase k > 0, with probability at least p(k).

I*: Up to the end of phase k, packets are injected in iso-
lation.

: Up to the end of phase k, packets are deflected back-
wards, deflections are safe, and the current paths of
packets are valid.

: Up to the end of phase k, active packets with frontier-
frame F; are always inside Fj.

: Up to the end of phase k, packets of different frontier-
sets do not meet.

: At any time step t up to the end of phase k, Cf <
In(LN).

: At the end of phase k, all active packets with frontier-
frame F; appear in an inner-level £ < m — 4.

The most important invariant is I*, which states that the
packets of frontier-set S; remain inside the frontier-frame
F; for the duration of routing. Eventually all the packets
of frontier-set S; will be absorbed while frontier-frame Fj
passes through the respective destination nodes. The rest
of the invariants are important in order to prove the truth
of invariant I*. Invariant I jf is the most difficult to prove.
It states that at the end of each phase, the last three inner-
levels of frontier-frame F; are empty from packets; thus, at
the next phase, when F; shifts one level forward, all the
packets of F; appear again inside Fj; essentially, this means
that the packets of frontier-set S; shift together with F;.
We prove the truth of all the invariants by induction on the
phase k.

INote that the oscillation of packet m on edge e can be
thought of as a safe deflection, in which the edge e remains
in the path list of 7, while 7 oscillates on e.
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Basis case (k = 0). According to the algorithm, in phase
0, no packets are injected into the network, so invariants
19, 12, 12, 19 and I?, are trivially true. From Lemma 2.2,
invariant IO is also true with probability at least po.

Induction hypothesis (k< mn).  Assume invariants
=t I?fl hold with probability at least p(n — 1).

Induction step (k = n). We will prove that the invariants
I, ..., I} are true with probability at least p(n). In Sections
4.1, and 4.2, we prove the truth of invariants I,..., ¥,
given that the invariants I77*, ... ,I}”l hold deterministi-
cally. In section 4.3, we determine the probability of the
induction step, by including the probability p(n — 1) of the
induction hypothesis; this completes the proof of the induc-
tion step. In section 4.4, we determine the total time of our
algorithm.

4.1 Proof of Invariants 1z, 1, 17, 17, and 17

Consider the packets of frontier-set .S;, for some particular
i, where 0 < i < aC — 1.

LEMMA 4.1. At the beginning of phase m, any active
packet ™ with frontier-frame F;, which was active at the pre-
vious phase, appears in an inner-level £ < m — 2.

ProOF. Packet m was active at the end of phase n — 1.
Therefore, from the truth of invariant I7~', at the end of
phase n — 1, packet 7 is in an inner-level #,,_; of the frame
F; such that £,_1 < m — 4. Since at the beginning of phase
n frontier-frame F; shifts to one higher level, we have that
ly—1 corresponds to inner-level ¢, in phase n, such that
1 < /¢, <m — 3. Since packet 7 could have been deflected,
or move forward at the end of phase n — 1, we have that
packet 7w appears in the beginning of phase n in inner-level
£ such that £ <m —2. [

PROPOSITION 4.2. I is true.

ProoOF. From Lemma 4.1, at the beginning of phase n
there are no active packets, which were active at the previ-
ous phase, in inner-level m — 1 of frontier-frame F;. From
the description of the algorithm, we have that packets are
injected only at the beginning of phase n, and at inner-level
m — 1 of frontier-frame F;. Recall that we consider rout-
ing problems in which at most one packet is injected at any
node. Therefore, packets are injected in isolation at the be-
ginning of phase n. Thus, since I”~* holds, I” is true. [

From Invariant 1:_1, Proposition 4.2, and Lemma 2.1, we
obtain:

PROPOSITION 4.3. I} is true.

From Lemma 4.1, and the proof of Proposition 4.2, we
obtain:

LEMMA 4.4. At the beginning of phase m, any active
packet ™ with frontier-frame F; appears in an inner-level
{<m-—1.

LEMMA 4.5. At any time step during phase n, any ac-
tive packet m with frontier f; appears in some level { of the
network with £ < f;.



ProOF. From Lemma 4.4, at the beginning of phase n,
the packet 7 with frontier f; appears in a level £ with ¢ < f;.
During phase n, the rightmost target node (considering all
rounds) of packet 7 is in level f;. From the description
of the algorithm, and from Proposition 4.3, packet m never
moves to a level higher than f; during phase n. Therefore,

I<fi. O

LEMMA 4.6. During phase n, any active packet with fron-
tier fi, appears in a level higher than fit1.

PRrOOF. Assume for contradiction that there is a packet
m with frontier f; that appears in level f;; or lower during
phase n. From Lemma 4.4, at the beginning of phase n,
packet 7 appears in a level higher than f;;. In order for
packet 7w to appear in a subsequent time step in level f;11 or
lower, it must be that packet 7 got deflected at time ¢ from
some node v of level fiy1 + 1 to a node v’ of level fii1, and
thus, it followed the edge e = (v',v). Let’s assume, without
loss of generality, that packet 7 is the first packet deflected
from level fi+1 + 1 to level fii1; thus, ¢ is the earliest time
that such a deflection occurs. Note that ¢ cannot be the first
time step of phase n, since from the proof of Proposition
4.2, at that time, all packets at level f;+1 are newly injected
packets, which move forward.

It must be that packet m got deflected because of conflicts
with other packets that appear in node v at time ¢t. From
Proposition 4.3, we have that deflections are safe, and thus
there is a packet ¢ which appears in node v at time t, such
that at the previous time step packet o traversed edge e, and
then the edge e was transferred from the path list of o to
the path list of 7.** From Lemma 4.5, packet o must be at
the beginning of phase n in a level higher than f;11 (packet
o must have frontier fi, where k <4). Furthermore, packet
o must have been deflected from level fi41 + 1 to level fi11
at a time step earlier than ¢, which violates the assumption
that 7 is the first packet deflected from level f;11+1 to level
fi+1. A contradiction. [

Combining Lemmas 4.4, 4.5 and 4.6 we obtain:

LEMMA 4.7. During phase n,
frontier-frame F; remain inside F;.

all active packets with

From Lemma 4.7 and invariant I? !, we obtain:
PROPOSITION 4.8. I is true.

Since any two frontier-frames do not overlap, Proposition
4.8 and invariant I;“l, imply together that packets with
different frontiers do not meet during phase n.

PROPOSITION 4.9. I is true.
We continue with the proof of invariant I)'. First, we
show that during phase n the frontier-set congestion doesn’t

increase.

LEMMA 4.10. At any time step t during phase n, Cf <
In(LN), for all 0 <i < aC —1.

**Note that packet m cannot possibly be in the wait state
and oscillate on e, since v cannot be a target node for 7.
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PRrROOF. Consider any edge e = (v1,v2) in the network
and a frontier-set S;. Let ¢, ; denote the frontier-set edge
congestion of e at the end of phase n — 1. Write cfm- =
¢.; + k. From Proposition 4.9, during phase n, packets of
frontier-set S; meet only with packets of the same frontier-
set. Furthermore, from Proposition 4.3, deflections are safe.
Thus, every time ¢’ < t, a packet 7 of frontier-set S; traverses
edge e = (v1,v2) from node v2 to vy (deflection), another
packet o of frontier-set S; must have traversed edge e at the
previous time step from v; to v2, and edge e is transferred
from the path list of packet o to the path list of packet
7.1t Therefore, packet 7 increases k by one, while packet
o decreases k by one. Thus, k£ does not increase more than
0, which implies that c;i doesn’t increase more than ¢ ;.
Subsequently, Cf doesn’t increase more than C;, where C/
denotes the frontier-set congestion of S; at the end of phase
n — 1. From Invariant I7~!' we have that C, < In(LN).
Therefore, C! < In(LN), as needed. [

From invariant I7 ', and Lemma 4.10, we obtain:
PROPOSITION 4.11. I7 is true.

4.2 Proof of Invariant 17

We consider time steps only in phase n. We also consider
the packets of a particular frontier-set S;. for some 0 < i <
aC —1. From Proposition 4.8, we know that during phase n,
the active packets of frontier-set S; are inside frontier-frame
F;. From Proposition 4.3 the current paths of packets are
valid, and thus the target nodes of these packets are inside
frontier-frame Fj;.

First we consider round 0 of phase n. Let A denote the
set of active packets with destinations inside frontier-frame
F;. From the description of the algorithm, we have that
during round 0 the target nodes for these packets is also
their destination nodes. We prove that all packets in A will
be absorbed in round 0 with high probability. We consider
the following events.

X,: Packet m € A is absorbed in round 0.
X: All packets of A are absorbed in round 0.

We will find a lower bound on probability Pr(X,) and then
we will use this bound to determine a lower bound on prob-
ability Pr(X). We need to show first that excited packets
have a good chance to reach their target nodes (destina-
tion nodes). This will help us to estimate the probability
that packets reach their target nodes (no matter their state),
since packets become excited with probability g.

LEMMA 4.12. For any particular time step t, and any par-
ticular edge e = (vo,v1) inside F;, the event that node vo
does not contain any excited packets that wish to traverse
e, occurs with probability at least (1 — mq)ln(LN).

PROOF. Let ¢ be the inner-level of node vg. Let m be an
excited packet that appears at node vy and at time ¢ and
wishes to follow e. Packet m must have become excited
with probability p, at some node v’ in a inner-level £’ > /¢ of
F;, and at time t' = ¢t — (¢’ — £). Packet m has exactly one

T Note that this fact holds even when packet 7 is in the wait
state and oscillates on e, since in that case e remains to 7.



chance to become excited at node v’ so that it appears at
node vo at time t; according to the algorithm, this chance
is given to 7 at time ¢’ with probability q. Since there are
at most m inner-levels like ¢, the probability that packet
7 gets excited in any of these levels and then appears at
node vo and time ¢ is at most mq. Therefore, the probability
that m doesn’t appear at node vg at time ¢ in the excited
state, is at least 1 — mgq. From Proposition 4.11, there are
at most In(LN) packets similar to 7 that wish to traverse
edge e. Therefore, none of these In(LN) packets appear in
the excited state in node vy at time ¢ with probability at
least (1 —mgq)™EN) . O

Let to denote the first time step of round 0. Notice that if
a packet m becomes excited before time step to+w—m—1,
then 7 might be able to reach its destination node before the
end of round 0.

LEMMA 4.13. If a packet w becomes excited at any par-
ticular time t, where to <t < tg+w —m — 1, then © will
reach its destination node with probability at least 1/2e.

PRrOOF. Let’s assume that packet 7 is in node v at time ¢
and wishes to follow the edge e = (v, v1) of F;. Packet 7 will
not follow the edge e only if it conflicts with other excited
packets on edge e. From Lemma 4.12, with probability at
least (1 — mq)™ ™), there is no other excited packet on
node v and time ¢, that wishes to follow e; thus packet m
will successfully follow edge e with at least that probability.
Since there are less than m edges on the path of 7 towards
the destination node, starting from node wvg, the excited
packet m will successfully follow all these edges and reach the
destination node with probability at least (1 — mq)’"I"(Lm.
From the definition of ¢, and Equation 1 we obtain,

mIn(LN)
1 ) >
)

_ mln(LN)> _
(1=mq) *(1 mIn(LN

1
2e’
O

Since a packet becomes excited with probability ¢, we
obtain from Lemma 4.13:

LEMMA 4.14. At any particular time step t, where to <
t <to+w—m—1, the event that a normal packet changes
its state and becomes an excited packet, which then reaches
its destination node, occurs with probability at least q/2e.

We are now ready to estimate the probability Pr(Xx).

LEMMA 4.15. For any packet m € A, Pr(Xx) > 1—p1.

PrRoOOF. Let X, denote the event in which packet 7
doesn’t reach its destination node at the end of round 0;
clearly, Pr(X,) = 1 — Pr(X,). During the time period
[to,to + w — m — 1], packet 7 traverses w —m — 1 links.
From these link traversals, at most (w —m — 1)/2 + m are
towards the destination node, and at least (w—m—1)/2—m
are taking 7 further from the destination node, due to de-
flections from other packets. Immediately after each deflec-
tion, packet 7 is always in the normal state. Therefore,
from Lemma 4.14, packet m has a chance after each de-
flection to become excited and then reach its destination
at a subsequent time step with probability at least q/2e,
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and fails to do so with probability at most 1 — ¢/2e. Since
there are at least (w —m — 1)/2 — m deflections, packet 7,
will fail to take its chance after each deflection to become
excited and reach its destination with probability at most
Pr(X.) < (1—q/2e)®~m=1/2=™_ From the definition of ¢
and w, and Equation 1, we obtain

IN

- 1 2em? In(LN) ln(Pfl)
Pr(Xx = %777

r(Xx) ( 2em? ln(LN))
1

eln(p1 -1

Subsequently, Pr(X,) >1—p;. [

= p1.

We continue to prove:

LEMMA 4.16. Pr(X) >1— |Alp:.

PrOOF. Let m € A. From Lemma 4.15, we have that
packet m is not absorbed in round 0 with probability
Pr(Xz) < pi1. Let X denote the event that some packet 7 €

A is not absorbed in round 0; clearly, Pr(X) = 1— Pr(X).

We have, Pr(X) = > ., Pr(Xx) < |Alpi. Subsequently,
Pr(X)>1—|Ajp. O

Now we consider round j of phase n, where m—1 > j > 1.
Denote B; the set of active packets in round j, which are not
in the wait state at the beginning of round j. We consider
the following events.

YJ: Packet 7 € Bj, reaches its target node in round j.
YJ: All packets of B, reach their target nodes in round j.

Assume for the moment that event X is given, and that
for each event Y771, event Y7 is given, where m—1 > j > 2.
With proofs very similar to the proofs of Lemmas 4.15 and
4.16 we obtain the following two lemmas.

LeEMMA 4.17. For any packet 7 € B;, Pr(YZ) > 1 — py,
foranyj, m—1>j5>1.

LemMA 4.18. Pr(Y?) > 1 — |By|p1, for any j, m — 1 >
Jj=1

We now prove that the number of packets at each round
which are not in the wait state, is decreasing. The reason
is that at each round a big fraction of the packets become
wait packets.

LEMMA 4.19. At the end of any particular round j, where
m—12>j > 1, the event that at least |B;|/In(LN) packets
of set B; are in the wait state, occurs with probability at
least 1 — | Bj|p1.

PROOF. In round j, the target nodes of the packets in B;
are in inner-level j—1 of frontier-frame F;. Let E denote the
set of edges between inner-levels j — 2 and j — 1, from which
the packets of B; approach their target nodes. From Lemma
4.18, during round j every packet of Bj; reaches its target
node with probability at least 1 — |B;|p1. According to the
algorithm, when a packet reaches its target node then it be-
comes a wait packet on the edge of E which is connected
to its target node. Notice that a wait packet m can be de-
flected only by another packet o (excited or normal) which



becomes a wait packet on the same edge with 7. Therefore,
with probability at least 1 — |B;|p1, at least one packet will
become a wait packet on each edge of E. From Proposition
4.11, the maximum capacity of any edge in frontier-frame
F; is In(LN). Therefore, |E| > |B;|/In(LN). Thus, at least
|B;|/In(LN) packets enter the wait state, with probability
at least 1 — |Bj|p1. [

Now, we consider all rounds j with m —1 > 57 > 2. We
only assume now that the event X is given.

LEMMA 4.20. For all j, where m — 1 > j > 2,
|Bj| < |Bj—1| (1 —1/In(LN)) with probability at least (1 —
|Silp1)™ 2.

Proor. Consider some round j, where m —1 > j > 2.
From Lemma 4.19, we have that at least |B;_1|/In(LN)
packets of B;j_1 are wait packets at the end of round j,
with probability at least 1—|B;j_1|p1. Therefore, the packets
which are not in a wait state, and continue in a non-wait
state to the next round, are at most |Bj_1|—|B;-1|/In(LN).
Therefore, |B;j| < |B;-1]|(1 —1/In(LN)) with probability at
least 1 — |Bj_1|p1. Considering now all the rounds j, where
m—12>j > 2, we have that B; < B;_1(1—1/In(LN)) with
probability at least H;’;}l(l — |Bj—1|p1). Since |B;| < ]S,
for all 7 where m — 1 > j > 2, this probability is at least
(1—=1Silp))™ 2 O

Next, we show that higher inner-levels do not contain any
active packets.

LeMMA 4.21. For all j such that m—1> j > In*(LN)+2,
|Bj| = 0 with probability at least (1 — |S;|p1)™ 2.

PrOOF. From Lemma 4.20, for all j where m —1 > j >
2, |Bj| < |Bj-1](1 — 1/In(LN)), with probability at least
(1 — |S;|p1)™ 2. Therefore, with at least that probability,
|Bj| < |Bi](1 —1/In(LN))’~!. Since |B:i| < N, |B;| <
N(1—1/In(LN))’~!. From Equation 1, when j > In?(LN)+
2, then (1—1/In(LN))’~' < 1/N, and thus |B;| < 1, which
implies that |Bj| = 0. Therefore, |B;| = 0 for all j such
that m — 1 > j > In?(LN) + 2, with probability at least
1= |Silp)™ ™. O

Now we consider all rounds of phase n, including round
0, without making any assumptions (without assuming that
X is given).

LEMMA 4.22. At the end of phase n, there are no active
packets in any inner-level j of frontier-frame F;, where m —
1> 5 > In%(LN) + 2, with probability at least (1 — |Si|p1)™.

PROOF. From Lemma 4.16, Pr(X) > 1 — |A|p:. Mul-
tiplying this probability with the probability of Lemma
4.21, and since |A|] < |S;|, we have that there are no ac-
tive packets in in any of these inner-levels, with probability
at least (1 — [Si|p1)™ % (1 — |Alp1) > (1 — [Silp)™ " >
(1 = [Silp1)™.

Now, we consider all frontier-frames F;, where 0 < ¢ <
aC — 1.
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LEMMA 4.23. At the end of phase n, there are no active
packets in all inner-levels j of all frontier-frames F;, where
m—1>j>In*(LN)+2, and 0 < i < aC—1, with probability
at least 1 — amCNp.

Proor. From Lemma 4.22; the claim holds for any par-
ticular frontier-frame Fj, with probability at least (1 —
|Si|p1)™. Considering all frontier-frames we have that the
claim holds with probability at least []%5; " (1 — [Si|p1)™.
Since |S;| < N, for all 4 where 0 < ¢ < aC — 1, we have that
this probability is at least (1 — Np;)*™C. From Equation 2,
this probability is at least 1 —amCNp,. [

From Lemma 4.23, and invariant Ij‘f_l, we obtain:

PROPOSITION 4.24. Invariant I7 is true with probability
at least 1 — amCNp;.

4.3 All Invariants

We have shown in Propositions 4.2, 4.3, 4.3, 4.9, 4.11,
and 4.24, that when the invariants 12717___’1?—17 hold
deterministically, then invariants I7,..., I are determin-
istically true and, invariant I} is true with probability at
least pi™Y. Since from the induction hypothesis, invariants
n=t I}“l hold with probability at least p(n — 1), we
have that the invariants I/}, ..., I hold with probability at
least p(n — 1) and invariant I} holds with probability at
least p(n — 1)(1 — amCNp1) = p(n). Thus, all invariants
I;,...,I} hold with probability at least p(n). This com-
pletes the proof of the induction step.

44 Total Time

Invariant I® implies that any packet 7 remains inside its
respective frontier-frame from the moment that the packet
is injected into the network until it is absorbed in its desti-
nation node. A frontier-frame traverses the network from a
lower level to a higher level, and at some point of time leaves
the network completely. By that time, all the packets of the
frontier-frame must have been absorbed. Therefore, by the
time when the last frontier-frame F,c_; leaves the network,
all packets in the network have been absorbed. Frontier-
frame Fy,c—1 leaves the network at the beginning of phase
(aC —1)m + L+ m = amC + L, which occurs at time step
(amC + L)ymw = am*wC + mwL. Since invariant [¢™¢+E
holds with probability at least p(amC + L), we obtain:

PROPOSITION 4.25. By time am?wC + mwlL, all packets
will be absorbed with probability at least p(amC + L).

We are now ready to prove our main theorem.

THEOREM 4.26. By time O((C'+ L) In®(LN)), all packets
are absorbed with probability at least 1 — 1/LN.

ProoFr. From Proposition 4.25 and from the definitions
of a, m, and w, we have that all packets will be ab-
sorbed by time O((C' + L) 1In?(LN)) with probability at least
p(amC + L). By unfolding the function p(amC + L), and
from Equation 2, we have that this probability is at least

plamC + L) = po(1 — amCNp,)* " +F

B L amCN amC+L
—po (amC + L)2amCLN?

1 1)’ 1
Spo (1o )= (1- ) >1— —.
—po( 2LN) ( 2LN> = T IN




5. DISCUSSION

We presented an O(C + L) hot-potato routing algorithm
for leveled networks. An immediate application of our al-
gorithm is on routing in multiprocessor networks which are
represented as leveled networks. For example, in [16] the
authors describe how to obtain optimal paths for the n x n
mesh with congestion and dilation n, and our algorithm can
be used to route these packets with time close to the optimal
up to polylogarithmic factors. It is interesting to extend our
work for arbitrary network topologies.
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