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Abstract — Input queueing is becoming increasingly important for high-bandwidth switches and
routers. In previous work, we proved that it is possible to achieve 100% throughput for input-queued
switches using a cell-by-cell scheduling algorithm called LQF. However, LQF is too complex to
implement in hardware. In this paper we introduce a new algorithm called Longest Port First (LPF),
which is designed to overcome the complexity problem of LQF and can be implemented in hardware at
high speed. By giving preferential service based on queue lengths, we prove that LPF can achieve
100% throughput.

1 Introduction

Congestion in today’s high-speed backbone networks, particularly the Internet, has spurred interest
in the development of very high-speed, high aggregate bandwidth switches and routers. However, high-
bandwidth switch design requires a different approach from today’s commercial medium-speed
switches. Fast line rates, coupled with limited memory bandwidth, increasingly require switches to use
input queueing [11], instead of output queueing. Output queueing is well known for its high efficiency
and ability to guarantee quality-of-service (QoS) [3][14][19][20]. But output queueing requires buffer
memories that run N times faster than the line rate, where N is the number of switch ports. Input
gueueing, on the other hand, does not have such a requirement [6]. Therefore, switches with input

gueueing can run faster than switches with output queueing.

But input queueing has two problems: potentially low efficiency due to head-of-line (HOL) block-
ing [5] and the difficulty to control cell delay. In this paper, we address the first problem. Although
HOL blocking is well known to limit the throughput of input-queued switches with a single FIFO at
each input to approximately 58% [7], it can be completely eliminated by a queueing technique known
as virtual output queueing (VOQ) [1][10][12][13][16]. Input-queued switches using VOQ need a

scheduling algorithm to schedule cell transmission across the switching fabric, and their efficiency



depends on the scheduling algorithm used. It has been shown that a scheduling algorithm
that uses a maximum size bipartite matching algorithm can increase the throughput from
58% to 100% when traffic is uniform and independent [10]. Intuitively, it is not difficult to
explain. By its definition, a maximum size matching algorithm offers the maximum
instantaneous throughput, in other words, forwards a maximum number of cellsin any
cell-time. Moreover, a maximum size matching algorithm is not too complex to imple-
ment. Most practical algorithms that are fast and simple to implement in hardware approx-

imate a maximum size matching algorithm [1][10][17].

Unfortunately, a maximum size matching algorithm is known to perform poorly when
traffic is not uniform [12]. In reality, of course, traffic is not uniform. When traffic is non-
uniform, the occupancies of the input queues can differ greatly. Queues with heavy traffic
can overflow while ones with light traffic are empty most of the time. Thisis not only
undesirable but leads to low throughput. A maximum size matching algorithm cannot pre-
vent queue overflow because it does not consider queue lengths when servicing the input

queues.

In earlier work [12][13], we overcame this problem with a new algorithm: the longest
queue first (LQF). LQF gives preferential service to long queues by using a maximum
weight matching algorithm with each weight set to the corresponding queue length. LQF
can achieve 100% throughput for both uniform and non-uniform traffic. But LQF isnot a
practical algorithm;? it is very hard to implement in hardware and cannot operate at high
speed. So are its approximations [10]; they involve many multiple-bit comparators, which
[imit the speed of the algorithm.

We propose a new algorithm that overcomes the impracticalities of LQF and its
approximations. We avoid using a maximum weight matching algorithm by asking a dif-

ferent question:

1. For ar% N x N switch, the complexity of the most efficient algorithm [18] known to date is
O(N"logN) .



Can we make a maximum size matching algorithm consider queue lengths?

The idea behind this approach is as follows. Among choices of maximum size matches
of equal size, we can choose one that has the largest total weight, where each weight is a
function of queue lengths. Thiswould allow us to take advantage of both the high instan-
taneous throughput of a maximum size matching algorithm and the ability to prevent
gueues from overflow of a maximum weight matching algorithm. But we need to do this

without greatly increasing the complexity.

Our new algorithm, Longest Port First (LPF) provides a simple mechanism to select
such a match. By carefully weighting requests, a maximum size matching algorithm only
requires a simple modification so that it can choose a maximum size match that has the

largest weight.

Consequently, LPF can be easily approximated and implemented using a variety of
existing algorithms [1][9][10][16] which already approximate a maximum size matching
algorithm. Furthermore, considering that the approximating algorithm can take advantage
of pipeline implementation to speedup scheduling decisions, we analyze the effect of a
pipeline delay on LPF and find that L PF can tolerate a pipeline delay well without any loss
in throughput.

The paper is organized as follows. In Section 2, we give an overview of input-queued
switches using VOQ and introduce necessary definitions. In Section 3, we describe LPF

and its properties, and present our performance analysis.

2 Our Switch Model

Figure 1 shows an M x N input-queued switch consisting of M input and N output
ports, a nonblocking switching fabric and a scheduler. To eliminate head-of-line (HOL)

blocking, each input maintains N FIFO queues, one for each output. We call these queues
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Figure 1: A Simple Model of VOQ Switches

“virtual output queues’ (VOQs). Q. j denotes the queue at input i for cells destined to

output j . Arrivals arefixed size packets or cells. Timeis slotted into cell-times that we call
dots. During any given dlot, there is at most one arrival to and departure from each input,

and similarly for each output. Ai,j(n) isthe arrival process of cellsto input i destined to

output | at rate )\i’ i Consequently, A(n) isthe aggregate process of all arrivalsto input i

N
arate A, = z)\i’j.
i=1

Definition: Anarrival processis said to be admissible when no input or output is over sub-

M N
scribed, i.e., when Z )\i’j <1, z )\i]j <1,)\i'j >0.
i=1 ji=1
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Figure 2: A request graph and a matching graph of an M X N switch. Define G = [V,E] as an undirected
graph connecting the set of vertices V with the set of edges E. The edge connecting verticesi, 1<i<M and j,
1<j<N has an associated weight denoted w; ;. Graph G is bipartite if the set of inputs | = {i: 1<i<M} and
outputs J = {i: 1<j<N} partition V such that every edge hasoneendin | and oneendin J. MatchingM on G
isany subset of E such that no two edgesin M have a common vertex.

Definition: The traffic isuniformif all arrival processes have the same arrival rate, and
destinations are uniformly distributed over all outputs. Otherwise the traffic is non-uni-

form.

While VOQ eliminates HOL blocking [6], our switch needs a scheduler to determine
which inputs and outputs are connected during each slot. Typically, a centralized sched-
uler chip is used — each switch port is connected to the scheduler [11][15]. The schedul-
ing problem can be viewed as a bipartite graph matching problem [2][18], an example of
which is shown in Figure 3. Each input makes a request to every output for which it has
cells waiting. An edge in the graph represents a request from Qi‘j with weight wi,j(n)
(denoted in Figure 3 and Figure 3 as W | ). Weighting requests provides a mechanism for a
scheduler to give preferential service to the input queues, for example, based on afunction
of queue lengths. Doing so enables a scheduler to adapt to different traffic conditionsin

order to maximize the throughput.



a) Weighted request graph. b) A corresponding flow network.

Figure 3: Transformation of arequest graph into a flow network. (a) A weighted request graph. (b) The
corresponding flow network, G, whose all edges are of unity capacity. A source S and atarget t are added.
The cost of every edgefrom S andto t is set to zero. The cost of all other edges are equal to the negated
value of the corresponding weight.

M N

Let S ;(n) beaserviceindicator such that z S (m<1and z S, (m=<1;avalue
i=1 j=1

of oneindicates that input i is matched to output j, i.e., Q. j is allowed to forward one

cell to its output.

Definition: A maximum size match is one that maximizes zSI J.(n), i.e., the number of
1]

connections.

Definition: A maximum weight match is one that maximizes ZSI j(n)wi j(n), i.e., the
]
total weight.

Alternatively, a bipartite graph matching problem can be easily solved and understood
by transforming it into a flow network [2][18], asillustrated in Figure 3. A maximum size
match is found by solving for a maximum flow while a maximum weight match is

obtained by solving for a minimum cost flow.



3 LPF Algorithm

Although in practice, LPF can be thought of as an extension of a maximum size
matching algorithm; in theory, it is easier to consider L PF as a maximum weight matching
algorithm. LPF is, by definition, a maximum weight matching algorithm. Each LPF
weight is afunction of queue occupancies. More precisely, arequest weight, w; J.(n) , fora

request from input i to output j isdefined as follows.

RM+CM), L (>0
W, j(n) =0 @)
’ \ otherwise,

N
where Li’j(n) IS an occupancy of an input queue Qi,j adotn, R(n) = ZLi‘j(n) and
j

N
Cj(n) = Z Liyj(n) .

The rationale for weighting requests this way is the following. R;(n), we call an input
occupancy, isthetotal number of cellsthat are currently waiting at input i to be forwarded
one by onein each slot to their outputs. Similarly, Cj(n) , an output occupancy, is the total
number of cells at all inputs to be forwarded to output j, which can receive only one cell
in each slot. Together, an input occupancy and output occupancy represent awork load or
congestion that a cell will encounter as it competes for transmission to its output destina-
tion. Therefore, LPF favors a set of queues with high input and output occupancies in

order to prevent them from overflowing.

Property 1. The total weight of an LPF match is equal to the occupancy sum of all
matched inputs and outputs, i.e, zslyj(n)wi,j(n) = g R + g C,, where | and J are
] il jad

the set of matched inputs and matched outputs respectively.

We now show that LPF is actually an extension of a maximum size matching algo-

rithm.



Theorem 1: A match that LPF finds is both a maximum size and maximum weight

match.

Proof: see Appendix A. [

Since an LPF match is actually a maximum size match, we can use a maximum size
matching algorithm to find an L PF match. But we need to make sure that among all possi-
ble maximum size matches we choose one with the largest total weight. The following
describes our modified maximum size matching algorithm and our throughput analysis of

LPF

3.1 Finding an LPF Match Using a Maximum Size M atching Algorithm

Existing maximum size matching algorithms cannot be used to implement LPF
because they do not have any mechanism to select a maximum size match that has the

largest weight. A simple modification is needed. In order to find an LPF match, a maxi-

M odified Edmonds-Karp algorithm
for each edge (u,v) OE[G]
do f[u,v] =0
flv,u =0
while LPFSfinds apath p from s to t intheresidual network G,

doif f[u,v] = Othenf[u,v] = c[u,V]
esef[v,u] <0

1
2
3
4
5 for eachedge (u,v) inp
6
7
8 fluv] = —f[v, 4

Figure 4. Modified Edmonds-Karp algorithm [2]. G isaflow network or graph constructed as described in
Figure 3. E[G] isthe set of al edgesin G; U or V isavertex in G representing an input or output;
(u, v) isanedgefrom U to V; f isthetotal flow through the network; f [ U, V] denotesaflow from U to
V. Gf is aresidual network [2] [18], also called aresidual graph. LPFS is a largest unmatched port first
search.




L PES(G)

1 for each vertex uJ V[ G]

2 do color[u] « white
3 mfu] <« nil

4 LPFSVisit(t)

L PES-Visit(u)

1 color [u] « gray

2 for each v [J Adjacent [u] , starting the largest to the smallest.
3 doif color [v] = white
4 then 1t[v] < u

5 L PFS-Visit(v)

6 color[u] = black

Figure 5. A largest-unmatched-port first search (LPFS). First, LPFS builds a tree with t as its root.
Initially every input and output is colored white — undiscovered, then is grayed when it is discovered, and
finally is blackened when it isfinished. T([V] isthe predecessor of V. From the tree, an augmenting path
from S to t which must go through an unmatched input can be found by walking the predecessor list
which begins at a selected unmatched input.

mum size matching algorithm must take request weights into consideration when selecting
a match. Described in pseudocode in Figure 4 is a modified Edmonds-Karp algorithm
[2][18]. A simple modification is made to the original algorithm so that the new algorithm
can find an LPF match. A breadth first search (BFS) in the original algorithm is replaced
by a largest-unmatched-port first search (LPFS) described in Figure 3. LPFS enables the
modified algorithm to search for a maximum weight match while performing path aug-
mentation [18] to find a maximum size match. In order to keep the algorithm free of com-
plex magnitude comparison, all inputs and outputs are pre-ordered prior to running the
algorithm. As aresult, line 2 of the LPFS-Visit does not involve any magnitude compari-
son. It is proved in Appendix B that the modified algorithm, in fact, finds a match that is

an LPF match — amatch that is both a maximum size and weight match.



Theorem 2: A maximum size match found by the modified Edmonds-Karp algorithmis

also a maximum weight match whose weights are as defined in Equation 1.

Proof: see Appendix A. [

3.2 A Practical Approximation to L PF

Similar to other theoretical scheduling algorithms, L PF can be adapted to run at higher
speed using simpler approximations. Shown in Figure 6 is a simple iterative algorithm
approximating LPF called iLPF. All weight processing is donein step 1. The second step
consists of a double for-loop used to find a maximal size match. Since the requests have
already been ordered in the first step, the maximal size matching in the second step does
not need to compare request weights. Shown in Figure 7 is a hardware implementation of
iLPF. Our exploratory design work suggests that the second step can be implemented
using simple hardware; for a 32 x 32 switch, our synthesized design can make a schedul-
ing decision in just 10 nsusing Texas Instruments’ TSC5000 0.25 pm CMOS ASIC tech-
nology. The first step, which requires simple integer arithmetic, can also run in 10 ns,

allowing the switch to run at aline rate of 20 Gbps'.

3.3 Stability

We now prove that L PF can achieve 100% throughput for all traffic patterns with inde-
pendent arrivals. We do this by using the notion of stability [8]. We define a switch to be
stable for a particular arrival process if the expected length of the input queues does not

grow without bound, i.e.,

E[;Li,j(n)} <o, On. @)

Definition: A switch can achieve 100% throughput if it is stable for all independent and

admissible arrivals.

1. Calculated based on the size of an ATM cell.
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[terative L PF algorithm

Step 1.
1 Sort inputs& outputs based on their occupancies

2 Reorder requests according to their input and output occupancies

Step 2. Maximal size matching
1 for each output from largest->smallest

2 for each input from largest->smallest

3 if (thereisarequest) and (both input and output
unmatched)

4 then match them

igure 6: An iterative LPF algorithm. First, the algorithm builds a sorted list of all inputs and outputs
ased on their occupancies. Then, starting from the largest output and input, the algorithm finds a
aximal size match.

Theorem 3: The LPF algorithmis stable for all admissible independent arrival pro-

cesses.

Proof: see Appendix B. [

3.4 Stability With a Finite Pipeline Delay

Because the modified maximum size matching algorithm requires the input and out-
puts to be pre-ordered, L PF needs sorters to sort all inputs and outputs. Shown in Figure 7
is ablock diagram of iLPF. LPF requires a similar sorting network. Due to the relatively
high complexity of magnitude comparators used in the sorters, the sorting can greatly
increase scheduling time. But LPF (and algorithms that approximate L PF) can use pipelin-
ing to reduce scheduling time. Therefore, we consider the effect of the pipeline delay on

11
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Figure 7: A block diagram of iLPF. Referring to the algorithm in Figure 6, inputs and outputs are pre-
sorted by the two sorter networks. Raw requests (requests with weights removed) is given in amatrix form.
Reguest reordering is done by the two crossbars which are configured by the sorting results. The maximal
size matching block, which implements the double for-loop, finds a maximal size match that approximates
an LPF match. The match needs to be permuted back to its natural order.

the performance of LPF. The following analysis includes the stability of L PF with a pipe-

line delay.

Pipelining allows each sorter to increase its throughput so that it does not become a
speed bottleneck. But the consequence of breaking up the sorters into several stages of
pipeline is that the sorter outputs represent old information, and therefore misconfigures
the request stages. In fact, a k slot pipeline delay is simply equivalent to non-pipelined
LPF but with k slot old weights, w; j(n —K) . Hence, it finds the match based on the wrong

12



weights, i.e., maximizes z S, j(n)wL j(n —K) . Perhaps surprisingly, we can verify the fol-
L]

lowing:

Theorem 4: Using k slot old weights, the LPF algorithmis stable for all admissible

independent arrival processes, 0 <k <.
Proof: see Appendix B. [

3.5 Conclusion

Growth in traffic and congestion indicate a need for new high-bandwidth switches and
routers. While output-queued switches are limited by a speedup requirement, it has been
shown that input-queued switches can offer as high as one terabit-per-second aggregate
bandwidth [11] using only standard technologies. To achieve high throughput, we recom-
mend that i nput-queued switches employ virtual output queueing (VOQ) and a centralized
scheduling algorithm. Most existing algorithms are either inefficient or too complex to run
at high speed. Our new scheduling agorithm, LPF, is both efficient and practical, and can
achieve 100% throughput for all non-uniform traffic with independent arrivals. Because
L PF uses a maximum size matching algorithm, it can be well approximated by many
existing algorithms; algorithmsthat are fast and simple to implement in hardware. We also
find that L PF istolerant of a pipeline delay, lending itself well to fast pipelined implemen-
tation.
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Appendix A: An LPF Match Property

Theorem 1. A match that LPF finds is both a maximum size and maximum weight

match.
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Proof: We prove the theorem by contradiction. Let M be a maximum weight match
but not a maximum size match found by L PF; that is, there exists another larger size match

M' that can be found by any maximum size matching algorithm.

Consider the Ford-Fulkerson method [2][18]. With this method, if M was not a maxi-
mum size match, alarger size match M' could be found by augmenting the flow produced
by M on the corresponding flow network similar to the one shown in Figure 3. Since this
augmentation process does not remove any matched input or output of the previous flow
(match) [2][18], M" would contain all matched inputs and outputsin M plus some newly
matched inputs and outputs. As aresult of the set of inputs and outputsin M being a sub-
set of that in M', Property 1 implies that, had it existed, M' would be a larger weight
match than M. Hence, M could not be the match found by L PF because it was not a max-
imum weight match. This contradicts the assumption above. Therefore, M' does not exist,

and an LPF match must be both a maximum size and maximum weight match. [

5 Modified Edmonds-Karp algorithm is equivalent to L PF

Theorem 2: A match found by the modified Edmonds-Karp algorithm is a maximum

weight match whose weights are as defined in Equation 1.

Proof: Before we prove the theorem, we first prove the following lemma needed for

proving the theorem.

Let M be amatch found by the modified Edmonds-Karp algorithm, F be the associ-
ated flow of M and R be aresidua graph produced by F . Based on the principle that a
maximum weight match can be found by solving for a flow of a minimum cost, the strat-
egy for the proof is therefore to show that F is a minimum cost flow on the associated

flow network. To show that, we need the following theorem [18].

Theorem: A flow F isminimum cost if and only if itsresidual graph R has no nega-

tive cost cycle.
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Based on this theorem, the following proves that F isaminimum cost flow by show-
ing that R contains no negative cycle. As an example, Figure 8 showsis aresidua graph
of a match which is of only maximum size, not a maximum weight, because the residual
graph contains one negative cost cycle (shown by the dashed lines). In principle, the cycle
in this figure indicates that the total cost of the flow can be lowered by replacing the
matched edges (input and output pairs) in the cycle with the unmatched edges [52]. Before
we proceed with the proof, it is necessary to state the following properties, which are

required for the proof and can be easily verified.

Property 2: Flow augmentation! does not remove any input or output from the matched
sets but adds one or more new inputs and outputs to the sets. Once matched, every input or
output remains matched throughout the augmentation process.

Property 3: In R, an input is never adjacent to another input, and an output is never
adjacent to another output; i.e., no edge exists between any two inputs or between any two
outputs.

Property 4: F cannot be increased since it isalready a maximum flow (M is a maximum
size match).

Figure 8: A residual network containing a negative cost cycle shown by the dotted edges.

1.The Ford-Fulkerson method.
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Property 5: In R, all edges from unmatched inputs are to only matched outputs; other-
wise, F isnot a maximum flow (an additional flow can betrivially added).

Property 6: In R, all edges to unmatched outputs must be from matched inputs; other-
wise, F isnot a maximum flow (an additional flow can betrivially added).

We are now ready to begin the proof by considering the following three cases in which
anegative cost cycle can occur. Shown in Figure 10, Figure 11 and Figure 12 are residual
graphs containing three types of negative cost cycles: an input cycle, an output cycle and a
compound cycle, respectively. These residual graphs are constructed from the correspond-
ing flow network by reversing the directions of all matched edges including the ones con-
necting s to matched inputs and t with matched outputs. All matched edges are
represented by the shaded lines, and all unmatched edges are represented by the solid
lines. In these graphs, the inputs are rearranged and divided into two non-overlapping sets:
matched and unmatched, and similarly, the outputs are also rearranged and divided. The
set of matched inputs and the set of matched outputs are shown by the shaded dots and are
connected by two sets of edges. matched and unmatched. These sets are shown by the

thicker lines.

Through these sets of edges, there exists at |east one path which begins at a matched
output and ends at a matched input connecting a subset of matched inputs and matched
outputs. Each of the paths is formed by matched and unmatched edges lying alternately
along the path. On such paths, the inputs and outputs also lie aternately [18]. Moreover,
every matched input and matched output must belong to one and only one path. Figure 9

shows examples of such paths. We shall refer to these paths as rever se flow paths.

When considering the three cases, we assume that there exists an unmatched edge
from some matched input i to some unmatched output |, and that there exists an
unmatched edge from some unmatched input k to some matched output j. However,
according to Property 5 and 6, we cannot assume the existence of any edge connecting an

unmatched input to an unmatched output in these graphs.
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Figure 9: A residua graph showing two reverse flow paths between two pairs of inputs and outputs.

Case 1. Output cycle: Shown in Figure 10, the cycle starts from t to some matched
output j, goes through areverse flow path connecting j to some input i, and finally
returnsfrom i to t without visiting s via some unmatched output | . When the occupancy

of | isgreater than that of , property 3.1 infersthat the cycle has a negative cost.

Case 2: Input cycle: Shown in Figure 11, the cycle begins at s and goes to some
unmatched input k that connects to some matched output j. From j the cycle reaches
matched input i from where it can returnto s. Likewise, property 3.1 infers that the cycle

isanegative cost cycleif the occupancy of i lessthan that of k.

Case 3: Compound cycle: Unlike an input or an output cycle, acompound cycle vis-
its both s and t. As shown in Figure 12, the cycle starts from s and goes to some
unmatched input k which has a request for some matched output j . The request leads the
cycleto j. From j to some matched input i, there exists areverse flow path which leads

thecycleto i. From i, the cycle reaches t via some unmatched output | . The cycle then

18



Figure 10: A residual graph showing an output cycle asindicated by the dotted lines.

e
;

o<

Figure 11: A residual graph showing an input cycle as indicated by the dotted lines.

input q by some reverse flow path. From g, the cycle reaches s where it began. Accord-
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Figure 12: A residual graph showing a compound cycle asindicated by the dotted lines.

ing to Property 1, the cycle has a negative cost if the combined occupancy of input i and

output j islessthan the combined occupancy of input k and output | .

With the above definitions of negative cycles, we are ready to prove that no negative
cycleexistsin aresidual graph of a match found by the modified algorithm.

Lemma 1: No negative cost output cycle existsin R.

Pr oof:

We prove this Lemma by contradiction. First, we assume that such a cycle, as shown
in Figure 13, exists. This implies that somehow areverse flow path P, existsin R from
some output j to input i that directly leads to output | by an unmatched edge. Of all out-
puts on the path, ] must be the smallest; otherwise, we can form a more negative cost

cycle by replacing j with asmaller output on the path.
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A

Figure 13: A residual graph for the proof of Lemma 1, depicting an assumed reverse flow path P0 from |
to | by the dotted edges.

To show that such a path cannot possibly exist, consider the formation of P in Figure
13 when the modified algorithm matchesinput i' to j. When it was the turn of input i’ to
be matched, the modified algorithm performed LPFS to find the largest unmatched output
for i*. For j to be appended to P, i' must have at |east two requests: oneto j whichis
subsequently matched and another one to some output on P, which is later never
unmatched. Hence, there would have been at least two augmenting paths through i', lead-
ing i' to more than one unmatched output: (a) |, (b) some output on P or | that has not
been matched then. Since j issmaller than | and al outputs on the path, this creates a con-
tradiction because LPFS would have chosen to match i' not with j but with the largest

unmatched outputs on the path or | then.
Giventhefact that j ismatchedto i', P, and hence the cycle do not exist. [

Lemma 2: No negative cost input cycle existsin R.
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[ ) [ )
Figure 14: A residual graph for the proof of Lemma 2, depicting an assumed reverse flow path Pi from |
to | by the dotted edges.

Proof:

We prove this lemma by employing the same strategy as that used for the previous
lemma. We first assume that the cycle exists and then contradict the assumption by using
the property of LPFS. As shown in Figure 14, the assumed cycle visits some matched
input i, some matched output j and unmatched input k. Based on L PF request weighting,
the occupancy of k must be greater than that of i for the cycle to be of anegative cost. But
most important of all, in order for the cycle to exist, there must be areverse flow path, P;,

fromj toi inR.

The following, however, contradicts the existence of the path. Consider that the modi-
fied algorithm would attempt to match k before i because k is larger than i. With the
existence of the path, there would be two possibilities to match k. One possibility was that
k discovered that output j had not been matched at that time, and thus k would have been
matched to j . This possibility contradicts the fact that k is never matched.
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The other possibility isthat j isaready matched to i, which must be larger than k
when it is the turn of k to be matched. Consequently, the matching of j appends j to P;.
However, from j, P, would have led k some unmatched output on P; which had not been
matched at that time. In the worst case, P, would haveled k to i* and consequently to out-
put ', which is supposed be matched to i but remained unmatched at that time since it
was not the turn of i to be matched yet. In any case, had P; existed, k would be matched.

Given thefact that k isunmatched, P, and hence the cycle do not exist. [
Lemma 3: No negative cost compound cycle existsin R.

Pr oof:

Asdefined and asillustrated in Figure 15, in order for such acycleto exist, there must
be apath from s to t via k and |. However, this path is exactly an augmenting path on

which more flow can be carried. The existence of the path contradicts Property 4, which

Figure 15: A residual graph for the proof of Lemma 3, showing aforward flow path from S to t which can
increase the total flow from Sto t.
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says that the flow is already a maximum flow. Therefore, such a path from s to t and

hence a negative cost compound cycle cannot exist. [
Lemma 4: No negative cost cycle of any kind existsin R.

Proof: By Lemmal, Lemma?2 and Lemma3. [

With Lemma 4, we can prove Theorem 2. According to Theorem Theorem:, F must
be a minimum cost flow because, as proved by Lemma 4, its residual graph contains no

negative cost cycle. Therefore, M isamaximum weight match. [

Appendix B: LPF Stability

B.1 Definitions

In addition to the definitions defined in Section 2, in this appendix we also use the fol-

lowing definitionsfor an N x N switch:

1. The rate matrix of the stationary arrival processes.

N N
AE[)‘i,j]’ where: Z)\i,st Z)‘i,jS]")\i,jZO
i=1 j=1

and associated rate vector:

A= Mg g Ay oo Ay 1o A ) T

2. The arrival matrix, representing the sequence of arrivals into each queue:
A = [A ()],

where;

nl if anarriva occursat QLj atdot n
A (n=0
R 00 else,

and associated arrival vector:
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AN = (Ap (), o Ap (), A (M) T
3. The service matrix, indicating which queues are served at time n:

S(n) = [S,I,j(n)] , Where:
D1 if Qi’j isserved at time n

S (=D
" U0 dse,

and S(n) O S, the set of service matrices.

N N

Note that: Z Sl,j(n) = Z S.,j(n) = 1,and S(n) O S isapermutation matrix. We define
i=1 j=1

the associated service vector:

SN = (S 4(N), -+, S (M), -, Sy (M) T

4. A positive-definite transformation matrix, T, of

For an N x N switch, Tlpf isan N2 X N2 matrix whose elements are defined as

follows;

DZ’ [ :j

- 4|4
Tty = O

L imodN = jmodN
Lo, otherwise.

As defined, TIIDf Is positive definite as well as symmetric.
B.2 Stability without a Pipeline Delay

B.2.1 Main Theorem

Theorem 3: Under the LPF algorithm, the queue occupancies are stable for all

admissible and independent arrival processes, i.e., E[||L(n)|]] £ C< .
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Arriva Request Servicing

Slot n Slot n+1

Figure 16: A time line showing eventsat aVVOQ. During every slot, an arrival to the queue, if any,
takes place at the beginning of the slot. Shortly after the beginning of the slot, every non-empty
queue makes arequest. LPF then takes all requestsinto consideration and arrives at its scheduling
decision before the end of the dlot. Each selected queue is then serviced before a new arrival
OCCurs.

5.0.1 Proof

Consider a quadratic Lyapunov function V(L(n)) = L(n)T, (L(n), the next state occu-

Ipf=
pancy vector:

L(n+ 1) =L(n)—S(n) + A(n) ©)

and an L PF request vector whose each element is afunction of queue occupancies defined
as.
[R + CJ., Li,j(n) >0

L = O
’ Lo, otherwise,

(4)

N N
where R, = Z Li’j(n) and C = Z Li,j(n) :
] |
We can directly consider the actual next state occupancy vector because Fact 4 below

guarantees that the vector contains no negative element. As shown by Figure 16 that L PF

1.See [10] for detailed definition.
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considers current arrivals when making a scheduling decision, it istrivia to verify the fol-

lowing fact, which is critical for the proofs that follow.

Fact 4: A queue with zero occupancy and no arrival cannot make a request. Hence, a

gueue which makes arequest must have either non-zero occupancy, an arrival or both.

Lemma 5: Under the LPF algorithm, E[LT(n) (A(n) — S{n)) |L(n)] <O for

N N
Z )\i,j <1, Z )\i‘j < 1,)\”. >0, where S{n) is an LPF service matrix such that
i=1 j=1

L'T(n)SHn) = max(L'T(n)(n)) .

Proof: Consider the following two cases. The first case is when the match sizeis N,

S| = N.

For this case, Property 1 implies that

L'T(n)S{n) = 22 Li,j(n)- )
iy

Thisis because al inputs and all outputs are selected (matched). Also, for the match size

of N,
E[LTMAML(M).IST) =N = LT)T;,A. (6)
N N
For the admissibility constraint: z Ajsl z AijsLA 20,
i=1 j=1
TiprA =2. v

Substituting equation 7 into equation 6, we obtain the following inequality,
E[LT(MAM)|LM).[S) =Nl <2 'L, (). )
L]
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By equations 5 and 8, we prove the first case.

E[L'T(n) (A(n) — SHn)) |L(n),|SHn)| =N] <0. ©)

For the second case when the match size is k < N, we use Konig-Egervary’s theorem,
which states that the size of a maximum size match is equal to the minimum number of
rows plus columns which can contain all requestst [9]. In this case, rows and columns are
inputs and outputs. Consider any non-weighted request matrix, R(n), from which LPF
finds a match of size k. Consequently, as a result of Theorem 1 (which says that a match
found by the L PF is also a maximum size match), there exists aminimum set of k rowsor

columns or rows and columns combined which contains all requests in the matrix.

These rows and/or columns may not necessarily be consecutive. In order for the ease
of visualizing the proofs, we can rearrange the request matrix so that the columns are con-
secutively moved to the left of the matrix, and so that the rows are also consecutively
moved to the top of the matrix. By permuting the rows and the columns, we obtain such a
matrix, R(n), whosefirst | rowsand k—1 columns belong to the minimum set and there-
fore contain all requests, where 0 < | <k, as shown in Figure 17. The shaded area, which

isnot covered by thefirst | rowsor k—1 columns, contains no request.

For agiven set | containing the original indices of the first | rows and a given set J

containing the original indices of thefirst k—1 columns, let:

A=E[AM)[1,J] (10)

be a conditional arriving rate vector. Since the shaded area has no arrival,

. O\, ,i01L,i0J
)\i,j = [0 ') (ll)
[0, otherwise.

1.“Containing,” in this context, means that all requests belong to the interested set of either rows or columns.
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k-l columns

|
| rows SomJle requests

S -
il I
% I
° I
£ |

3 no request
I
I
I
I
Lo - — _

Figure 17: A rearranged request matrix. From the original request matrix, row permutation was performed
to move al | rows of the minimum set to the top, and column permutation was performed to move all
K — I columns of the same set to the |ft. Together these rows and columns contain all requests, leaving the
shaded area of the new request matrix with no reguest.

N N
With the traffic admissibility constraint: Z )\i,j <1, Z )\i’j <1, )\i,j >0,
i=1 j=1

z;\i,jSk' (12
1)

Now, consider alinear programming problem:
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max(L'T(n)2)
N 5 N 5 5

s.t. z)\i‘jSL Z)\i,jS]-!)\i,jZO
i=1 =1

z}\i’j <k.

]

(13)

Because A isadoubly stochastic matrix and forms a convex set with a set of §n) that

satisfies the following constraint as its set of extreme points[11],

N N

st. Z S, =1, Z SmM=18,nN=01
i=1 j=1 (14)

$S,0 =k
]

hence,
E[LT(MA] <max[LTM)SMn)] |, (15)
E[LT(MAMN)|I1,J] <max[LT(n)gn)] . (16)

Since the above is true for all | and J satisfying |I| +|J| = k, according to Konig-

Egervary’s theorem, it follows that:

E[L'T(n) (A(N) —SHn)) |L(n),|STn)| =K <0, (17)

where S{n) issuch that L'T(n)S{n) = max[L'T(n)S(n)] . This proves the second case

when |Sn)| <N.
From both cases, it can be concluded that:

E[L'T(n) (An) —SH{n)) |L(n)] <0.0 (18)
Note: whenever S, j(n) cannot be one because there is no request, Fact 4 implies that
Ai,j(n) must be zero, and hence, )N\i,j = 0.
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L emma 6: Under the LPF algorithm, E[L'T(n) (A(n) —SH{n)) |[L(n)] < —ZBZ L; ()

OA< (1-B)A,, 0<B<1,where A  isanyadmissiblerate vector such that
Z)—\mi,j = N.
1]

Proof: Following the same steps as done in the proof of Lemma 5 and using the fact
that TA,, = 2, itiscan be shown that for every [S{n)| = k:

E[LT(n) (A() — SHn) |L(n). [SHn)| = K <-2B L (n). D (19)
]

Lemma 7: Under the LPF algorithm,
E|:I=T(n + 1)T|pfl=(n +1) - I__T(n)Tlpr:(n)| I__(n):| < —az Li’j(n) +N?
DA< (1-B)A,,0<B<1, where )  isanyrate \/Iéjctor such that zAm_ =N and
] "

€>0.

Proof: Since the LPF agorithm always finds a maximum weight match, _[{n), using
equation 3, we obtain the following equality by expansion.

LT(n + DT, ln + 1) — L), L (1)

(20)
= 2LT(M)T, (AM) —ST) + (STn) —AM) T, (ST) —AM) .

Since |[S{n) —A(n)| < N, (SXn) —A(n)) Tt (SHN) —A(n)) <2N2. Using Lemma,

E|:I=T(n + DT ln+1) - LT(n)T, IC)fl=(n)| L(n)] < —sz L, ;(n) + 2N, where
L]
e =4B.0 (21)
Now, we are ready to prove the main theorem.

Pr oof:

There exists a quadratic Lyapunov function, V(L(n)) = L(n)T, (L(n), such that:

I pf

E[V(L(M + 1) ~V(L()| L] <€ JL; () +2N°. 22
]
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According to Kumar [8], the sum of all queue occupanciesis stable-in-the-mean, i.e.,

2

(23)

Furthermore, if the arrivals are independent, the queue occupancy vector forms a Markov

chain, which equation 23 guarantees to be positive recurrence. Hence,

E[JL()[] sC<co. (24)

6 Stability with the Pipeline Delay

6.1 Main Theorem

Theorem 4: Using k slot old weights, the LPF algorithm is stable for all admissible

independent arrival processes, 0 <k <, i.e, E[|L(n)|] <C<w

6.2 Proof

The proof requires the subsequent lemma and is given after the proof of the lemma.
The following lemma states the existence of an upper bound on the difference between the
total weight of the optimum match found by non-pipelined L PF and the total weight of the
actual match found by pipelined LPF.

Lemma 8: L'(n)S{n) —L'(n)S(n) < HNZ + SNHk where S{n) is the optimum service
vector if LPF had been given the correct weights, and é(n) is the actual service vector

which optimizes on the incorrect weight.

Proof: Let E'(n) be the incorrect weight vector given to LPF as aresult of the pipeline

delay in the sorters, and by definition:

L'(n) = L'(n—K). (25)

32



Furthermore, we can establish an upper bound and alower bound of E'(n) with respect
to the correct vector as follows. Consider the fact that there can be up to k arrivalsto any
input and Nk arrivals for any output, and that there can be no departure from any input or
for any output during a period of k dlots. Thisfact implies that a correct LPF weight can

increase by at most (N + 1) k from its previous k dot value:
L'(nysLl'(n=Kk) + (N+1)k. (26)

From the above equation and equation 25, alower bound of I:'(n) IS

L'(n) — (N+ 1) k< L'(n). @27)

For an upper bound, consider the case when there is no arrival but one departure from
every input and to every output during every slot in aperiod of k slots. An upper bound of

|:'(n) with respect to L'(n) istherefore:
L) =L (n—K) -2k, (28)

L'(n) < L'(n) + 2k. (29)

With the two bounds, we are now ready to derive an upper bound on the difference
between the two total weights. For the following derivation, it is worth noting that _L{n)
maximizes the total weight on L'(n) while :S(n) maximizes the total weight on E'(n) , and

that the numbers of connections made by _{n) and §(n) are equal, i.e, Yn)| = |SAn)|.

Using equation 29, consider §(n) :

L'(n)S(n) = L'(N)S(n) — 2kS(n). (30)
But,
2kS(n) < 2kN. (31)

Hence,
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L'(N)Sn) = L'(n)(n) — 2kN. (32)

Now consider _[{n) using equation 27.

L'(n)Sn) — (N + 1) kS{n) < L'(n)SAn) . (33)

Since (N + 1) kS{n) < (N + 1) kN,

L'(n)Sdn) — (N + 1) kN < L'(n)Sqn). (34)

Furthermore, I:'(n)S:(n) < I:'(n)é(n) because S(n) is the optimum match with respect
to L'(n) . Thus,

L'(n)Sn) — (N + 1) kN < L'(n) ). (35)

Substituting equation 35 back into equation 32 yields:

L'(n)S(n) = L'(n)S{n) — (N + 1) kN — 2kN. (36)

Finally, an upper bound on the difference between the two total weightsis:

L'(n)STn) — L'(n)Xn) < EN? + 3Nk, O 37)

With the lemma proved, we can now prove the main theorem.

Pr oof:

Similarly to the proof of Theorem 3, by taking the same steps as done in Lemma 5,
Lemma 6 and Lemma 7 and by using the relationship stated by Lemma 8, we can show

that there exists a quadratic Lyapunov function, V(L(n)) = L(n)T, .L(n), such that:

I pf

EIVILO+ D) -VLE)| LO] € FL, () +2N°+ BN+ 3N (39
]

And likewise, according to Kumar [8], the sum of all queue occupancies is stable-in-the-

mean, i.e.,



N
N-lkl > D EIL; (] <, ON. (39)
ohl

n=

Furthermore, if the arrivals are independent, the queue occupancy vector forms a Markov

chain, which equation 39 guarantees to be positive recurrence. Hence,

E[ILM]] <C' <e. (40)
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