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Appendix B

Choice of Codeword Lengths in a Depth-constrained

Alphabetic Tree

Lemma 1A depth-constrained alphabetic tree with maximum dé&pth  satisfies the characteristic

inequality of Lemma 3.1 (Chapter 3), when the codeword lerigths ckf“%he letter occurring

O .
- * min([ —lo ,D k=1,n
with probabilitququz 2 DDkE are given byt, = E (|_ gq<"| )

[ min(|'—|ogok"| +1,D) 2<ksn-1

Proof: We need to prove that <1 wheres, = c(s _;, 2 +2 "

,sO=0,andc is

defined byc(a,b) = [a/blb We first prove by induction that

|
S < qu Ol<isn-1
k=1

-l
For the base cass, = 2 T< q, by the definitioripof . For the induction step, assume the

4. -
hypothesis is true for-1 . By definitios, = ¢(s _,,2 Y+2 ' . Now there are two pos-

sible cases:
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1. |'—Iogqi‘| +1<D, and therefor@ <qg; .Using the factthat

[a/b]<a/b+1,ie.c(a b<a+b forall nonzero real numbeas amnd , we get
the following using inductive hypothesis:

44 —(-p il i—1 i
S§s§_+t2 +2 =2 +zqksqi+zqk: zqk
K=1 K=1 k=1

—.
2. [Hogq, |+ 1>D. This implies that; = D and henep= 2 ! .Also,gs s an

0 i-1
integral multiple ofz_DDj (s _1,2 D) S_ 1< z q, and thus:
k=1

-, . -1 !
SI:Z I+C(%_1,2 I)Sqi+ qu: qu
k=1 k=1

n-1
1
Therefores, ;< ¢ =1-q,<1-2 " . Also:
i=1
1 44 a4 1 4
s,=2 "+c(s,_,2 N2 "+c1-2 "2 ") =2 "+1-2 " = 1. This completes the

proof that these codeword lengths satisfy the characteristic ineduality.



